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Abstract 

It is well known in the context of four dimensional asymptotically flat spacetimes that the 
^ I leading order boundary metric must be conformal to unit de Sitter metric when hyperbolic 

^ ■ cutoffs are used. This situation is very different from asymptotically AdS settings where one 



is allowed to choose an arbitrary boundary metric. The closest one can come to changing the 
boundary metric in the asymptotically flat context, while maintaining the group of asymptotic 
symmetries to be Poincare, is to change the so-called 'supertranslation frame' uj. The most 
studied choice corresponds to taking a; = 0. In this paper we study consequences of making 
alternative choices. We perform this analysis in the covariant phase space approach as well 
as in the holographic renormalization approach. We show that all choices for w are allowed 
in the sense that the covariant phase space is well defined irrespective of how we choose to 
fix supertranslations. The on-shell action and the leading order boundary stress tensor are 
insensitive to the supertranslation frame. The next to leading order boundary stress tensor 
depends on the supertranslation frame but only in a way that the transformation of angular 
momentum under translations continues to hold as in special relativity. 
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1 Introduction 

The development of gauge/gravity dualities has revolutionized string theoretic investigations of 
quantum gravity. These dualities relate string theories in higher dimensions to certain quantum 
theories in lower dimensions on fixed metric backgrounds. Consequently, they provide us with 
a framework where one can address deep puzzles of quantum gravity concerning black holes, 
singularities and the like, by performing calculations in lower dimensional non-gravitating settings. 
The best understood case occurs in AdS/CFT [1] where string theory on AdS space space is dual to 
certain gauge theory on the boundary of AdS space. Similar dualities are not known for spacetimes 
of the most physical interest, such as cosmologies or flat Minkowski space. It is clearly of interest 
to investigate if holographic dualities exist in these settings. 

A well appreciated point is that although the most well understood cases of these dualities 
involve AdS spaces and local CFTs, neither AdS nor CFTs are fundamental to these dualities. It is 
often speculated that every possible boundary condition that defines a bulk string theory is dual to 
a non-gravitational theory through the AdS/CFT correspondence. In the case of AdS spaces, the 
correspondence arises from the way in which the AdS boundary parametrizes the space of possible 
boundary conditions on bulk fields [2, 3]. In fact, the richness of AdS/CFT precisely comes from 
the fact that in an asymptotically AdS settings one is allowed to choose a variety of boundary 
conditions. In particular, one is allowed to choose an arbitrary boundary metric [4, 5, 6, 7, 8]. 

The corresponding situation in the asymptotically flat setting is very different. This is one of 
the reason why the the subject of holographic duality for flat spacetime has resisted developments 
over all these years. For example, for the four dimensional asymptotically flat spacetimes the 
leading order boundary metric must be conformal to unit de Sitter metric when hyperbolic cutoffs 
are used to define asymptotically flat spacetimes [9] . The structure of the asymptotic equations 
is such that there is absolutely no freedom in the choice of the leading order boundary metric. 
One is led to ask how much freedom one has at the next to leading order. Even there the freedom 
is quite limited. As we discuss in detail in this paper, the closest one can come to changing the 
boundary metric in the asymptotically flat context, while maintaining asymptotic symmetries to 
be Poincare, is to change the so-called 'supertranslation frame' u. The information about the 
supertranslation frame enters in the asymptotic expansion is a very specific way. In this paper 
we study what it precisely means to change the supertranslation frame, and the consequences this 
brings to the construction of the boundary stress tensor. 

We perform this analysis in the covariant phase space approach of [10, 11, 12, 13, 14] as well as 
in the holographic renormalization approach of Mann and Marolf [15, 16, 17]. The key results of 
the present paper are as follows. First, we show that all choices for the supertranslation frame are 
allowed. More precisely, that covariant phase space is well defined irrespective of how we choose 
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to fix supertranslations. Second, we show that the on-shell action and the leading order boundary 
stress tensor are insensitive to the supertranslation frame. Third, we show that the next to leading 
order boundary stress tensor depends on the supertranslation frame but only in a way that the 
transformation of angular momentum under translations continues to hold as in special relativity. 

We will elaborate on these points momentarily, for now let us step back a bit and recall 
certain basic facts about supertranslations. It turns out that the issue of supertranslations is 
much related to the general notion of angular momentum. Recall that in special relativity the 
notion of angular momentum is origin dependent. This origin dependence arises because there is 
a four-parameter family of Lorentz subgroups in the Poincare group. None of these subgroups is 
preferred over any other, so the origin dependence is inevitable. The structure of the Lie algebra of 
the Poincare group then tells us the transformation property of the angular momentum under the 
action of translations. The resulting notion matches with our intuitive understanding of angular 
momentum. 

For asymptotically flat spacetimes at spatial infinity, the asymptotic symmetries form an 
infinite dimensional group — the so-called spatial infinity (SPI) group [18, 19]. The SPI group is 
similar to the Poincare group, except that the four translations are replaced by an infinite number 
of angle dependent translations — the so called supertranslations. The group structure of the SPI 
group is that of a semi-direct product of the supertranslation group with the Lorentz group. The 
supertranslation group is the infinite-dimensional additive group of smooth functions on the unit 
hyperboloid. The semi-direct product structure is as follows: if (a, and (/3, ry") are two elements 
of the Lie algebra of the SPI group, with a and /? arbitrary smooth functions on the hyperboloid 
and c^'* and r/" exact Killing vectors of the unit hyperboloid, then the SPI Lie bracket is [18, 19] 

[(a, e), W, r^n] = {£^13 - £r,a, [C, vD- (1-1) 

It follows that the SPI group admits an infinite class of Lorentz subgroups. None of these sub- 
groups is preferred over the others. Therefore, a naive approach to defining angular momentum 
suffers from the so-called supertranslation ambiguities: origin dependence of angular momentum 
where the origin lies in an infinite dimensional space. We clearly need an additional structure at 
spatial infinity that can reduce the SPI group to the Poincare group. These points were very well 
emphasized in [18, 20]. The main purpose of this paper is to systematically study the freedom we 
have in the Poincare reduction of the SPI group. 

The plan of the rest of the paper is as follows. In section 2 we begin with various definitions 
and provide a brief review of the counterterm construction of [15] . In this section we also review the 
boundary conditions of Ashtekar, Bombelli, and Reula (ABR) [10], and present our super translated 
generalization of the ABR boundary conditions. The main point of this section is to show that 
the covariant phase space is well defined for our supertranslated boundary conditions. 
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In section 3 we perform systematic expansion of the equations of motion and discuss Beig's 
integrability conditions [21, 22]. We find that despite the fact that we have an arbitrary function 
Lo in our asymptotic expansion, the integrabiUty conditions do not change. As in [21, 22], the 
integrabiUty conditions require Lorentz charges constructed using 



to be zero. In this paper we choose, following ABR [10], mass aspect o" to be a symmetric function 
on the hyperboloid. As a result, the integrability conditions are automatically satisfied [17, 22]. 
In this section we also perform a systematic expansion of the Mann-Marolf counterterm. 

Section 4 is devoted to the study of the renormalized on-shell action and the expansion of 
the boundary stress tensor. We show that the on-shell action and the leading order boundary 
stress tensor are insensitive to the supertranslation frame. In section 5 properties of the boundary 
stress tensor are studied in further detail. Our boundary stress tensor satisfies all the expected 
properties: (i) it is conserved a la Brown- York [23], (ii) it reduces to the previous expression of 
[17] when either (a) u = or (b) when uj represents a translation — i.e., when it is not a non-trivial 
supertranslation, and (iii) the next to leading order boundary stress tensor transforms under 
translations in an expected way. Finally, in section 6 we end with our conclusions and possible 
future directions. Certain technical and computational details are relegated to two appendices. In 
appendix A asymptotic expansion of the equations of motion is presented. In appendix B certain 
details on the asymptotic expansion of the boundary stress tensor are presented. 

As a last comment in this section, we wish to emphasize an important point. In the study 
of asymptotic structure of spacetimes, the notions one introduces and the boundary conditions 
one chooses are to some extent arbitrary; their justification lies in the perspective they bring. 
Already there are variety of methods known to analyze asymptotic flatness and construct conserved 
quantities [14, 18, 24, 25, 26, 27, 28, 29, 30]. These different approaches offer different perspectives. 
All these methods ultimately lead to similar /equivalent results. For example, the framework 
presented in [18] defines unambiguously a useful notion of angular momentum at spatial infinity, 
and allows us to relate such construction to the analogous conserved quantities at null infinity. 
The boundary conditions of [18] are further strengthened in [10] by demanding mass aspect a to 
be symmetric. These strengthened boundary conditions offer a new perspective: they lead to a 
well defined covariant phase space. The study presented below should be taken in this spirit. Our 
motivation is a combination of the ideas: (i) we wish to have an unambiguous and useful notion of 
angular momentum, (ii) we wish to have a well defined phase space precisely in the sense of [10], 
and finally (iii) drawing motivation from AdS / CFT we wish to explore systematically the freedom 
we have in choosing the boundary conditions while maintaining (i) and (ii). The perspective our 
study brings is that it illustrates the fact that there is not a unique boundary condition, but 



curl [4ecd(aO-Vj] 
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rather a class of boundary conditions that all lead to a well defined notion of asymptotic flatness. 
Various generalizations and variations on the study presented below are possible. This study is 
a continuation of [15, 16, 17, 22, 31] and is largely motivated by comments in [15, 32, 33]. For 
an alternative point of view on some of these ideas see [34]. Other studies of supertranslations 
include a series of papers by Barnich et al [35] at null infinity. 

2 Asymptotic Flatness, Actions, Supertranslations 

In this section we first provide relevant definitions and a brief review of previous work. We then 
spell out our boundary conditions. 

2.1 Asymptotic Flatness and the Mann-Marolf Action 

As in previous work [15, 16, 17, 22, 31], we introduce our notion of asymptotic flatness based on 
the work of Beig and Schmidt [9, 21]. The key advantage of using Beig-Schmidt expansion is that 
all results can be readily translated to the geometrical language of Ashtekar and Hansen [18, 27] 
or that of Ashtekar and Romano [19]. 

Beig-Schmidt expansion for asymptotically flat spacetimes near spatial infinity takes the form 



where h'^f^dx'^x^ is the metric on the unit three-dimensional de Sitter space dSs, or equivalently on 
the unit three-dimensional hyperboloid [9], 



We use Va to denote the unique torsion-free covariant derivative compatible with the metric h^j^ 
on the unit hyperboloid. The radial coordinate p is associated to some asymptotically Minkowski 
coordinates x'^ via = rj^yX^^x'^. The fields a, h^i,,h'^i,, etc. are assumed to be smooth functions 
on the unit hyperboloid. We use hat to denote the complete induced metric on a constant p slice 
(for some large p) and use D to denote the unique torsion-free covariant derivative compatible 
with hab- Further boundary conditions will be specified below. 

Next, we recall the action principle of [15] . There it was shown that a good variational principle 
for asymptotically flat configurations defined by the expansion (2.1) is given by the action 



The counterterm in the action (2.3) is K := h Kab- Kab is defined implicitly via a Gauss-Codacci 
like equation 




(2.1) 



h^i^dx^dx'' = -dr^ + cosh^ ride"^ + sin^ Odcp"^). 



(2.2) 




(2.3) 



T^ab = KabK — Ka'^Kcb- 



(2.4) 
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Here TZab is the Ricci tensor of the boundary metric hab- For details we refer the reader to 
[15, 16, 17, 31]. 

2.2 Supertranslations 

In the introduction section we already mentioned certain basic facts about supertranslations. The 
best way to further understand the precise nature of supertranslations is to work out the set of 
diffeomorphisms that preserve the form of appropriately defined asymptotically flat metrics. Since 
results obtained in the Beig-Schmidt coordinates (2.1) can be readily translated to the geometrical 
languages, it is most natural to work out these diffeomorphisms in this gauge. Supertranslations in 
the Beig-Schmidt gauge are interpreted as different conformal completions in the SPI framework 
[18] or as different hyperboloid completions in the Ashtekar-Romano framework [19]. The problem 
of finding these diffeomorphisms has been analyzed by several authors [9, 18, 19, 21]; for reviews 
see [22, 36]. The upshot of this analysis is that in an asymptotically Cartesian coordinate system 
with = "q^yX^x^ , all diffeomorphisms of the form 

x^ = Li^x" + + + o(/9°) (2.5) 

preserve the form of the metric (2.1). The transformations generated by the constants Ly and 
constitute the Poincare group. The transformations generated by angle dependent translations 
S^{x°') are the so-called supertranslations. In fact, they are all spi-supertranslations. In the Beig- 
Schmidt expansion, the asymptotic spi-supertranslation Killing vector is related to an arbitrary 
function uj on the hyperboloid as 

e = u^ix) + 0{p"'), C = -^""(x) + 0{p-% (2.6) 

P 

where = P^cj and where x denotes collectively the coordinates on the hyperboloid. As em- 
phasized in the introduction, we need an additional structure at spatial infinity that can reduce 
the SPI group to the Poincare group, as otherwise the notion of angular momentum is not the 
familiar one. Furthermore, since supertranslations depend arbitrarily on the angular coordinates, 
in particular on the time coordinate r, even if one attempts to define conserved charge for them, 
the associated charges will in general be not conserved. Not surprisingly, a large body of work on 
asymptotic flatness at spatial inflnity has taken the point of view to strengthen the boundary con- 
ditions. With the strengthened boundary conditions the freedom of performing supertranslations 
is eliminated. This is achieved in [10, 18, 19, 21, 36] by demanding the leading order asymptotic 
Weyl curvature to be purely electric . We will continue to demand this condition. There is still 
some freedom left and this is what we would like to draw the attention of the reader to. 

Let us look at the next to leading order asymptotic equations of motion. It turns to be 
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convenient to work with the variable 

Kb = hl, + 2ahl,. (2.7) 

Equations of motion at first order now take the form [9] 

□cr + 3a = 0, (2.8) 
V^kab-Vak = 0, (2.9) 
{U-2,)kab + khl^,-VaVkk = 0, (2.10) 

where □ = 'D'^'Da and k = ka"^. The important point to note here is that equations for the fields a 
and kab are decoupled. By introducing the leading order electric and magnetic parts of the Weyl 
tensor, 

El, = -VaVba - hl,a , ^ab = ^ curl U = ^C'^^cA^db , (2.11) 

one can rewrite these equations in a more enlightening form. See, for example, reference [31] for 
a detailed discussion on this. Our boundary conditions require 



Bib = 0. 



(2.12) 



This implies that k^b must be of the form 

kab = 2VaVbUJ + 2hl,u, (2.13) 

for some arbitrary uj. This is because the combination Va'DbOJ + hP^^oj has vanishing curl, and hence 
it does not contribute to the magnetic part of the Weyl tensor. For the form (2.13) of kab equations 
of motion (2.9) and (2.10) are also automatically satisfied. Now recall that this freedom in the 
choice of kab also exactly correspond to performing supertranslations in the space of Beig-Schmidt 
configurations (2.1). By choosing a particular representative for the inverse of the curl operator, 
i.e., a particular uj in (2.13), the freedom of performing supertranslations is eliminated. Once such 
a choice is made, the function uj is fixed. It is best to regard it as a fixed background structure. 
This background structure is precisely what we mean by the phrase 'supertranslation frame.' The 
most studied choice corresponds to taking w = [10, 16, 17, 18, 19, 21]. We show in the rest of 
this section that other choices of a; are equally allowed. In this paper we wish to explore precisely 
the physics of making such a choice. To set the stage for this discussion, we first need to look 
at the boundary conditions of Ashtekar-Bombelli-Reula [10]. These boundary conditions were in 
turn motivated by [18]. We will comment on the motivation of references [10, 18] for choosing 
a; = in section 6. 
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2.2.1 Ashtekar-Bombelli-Reula Boundary Conditions 

For gravitational tlieories it is a well known fact that the boundary conditions play a crucial role 
in the description of the phase space. For such considerations it is often convenient to work in the 
covariant phase space formalism [10, 11, 12, 13, 14]. The key quantity to consider in this approach 
is the symplectic current vector w^. The symplectic current vector depends on the background 
metric g and on perturbations around the background metric 5ig and 52g- It is skew symmetric 
in the pair {5ig, 629), and for the case of general relativity it takes the form 

^ pf^'^»('y\52g,aV^6ig^8 - hgua^ 052g-ys), (2.14) 

where 

p^^uaM5 = gf'^g^'^g'^^ - ^^^^5^^/° - ^^'"'^"^ff^'^ - ^^''"s^^/^ + ^^''"^^^^^^ (2.15) 

Using the Ansatz 

ds^ = g^.ydx^'dx" = N'^dp^ + habdx''dx\ (2.16) 



and 



6ds' = 5g^ydx^'dx'' = 2N6Ndp' + dhabdx^dx^ (2.17) 
we obtain the 3+1 split of the symplectic current vector. The radial component reads 



wP = -^h^^h"'^ 
4Ar3 



Nh^'f 5ihab52hcedphdf + 252hac{SiNdphhd - NdpSihbd) 
2S2Kb{SiNdph,d - NdpSihcd)] - (1 o 2) i , (2.18) 



whereas the angular components read 



= ^h^'^h'^U 262NDa6ihbc + 262hbcDa6iN - 262ND,6ihab - 262KbD,6iN 



NS2hbcDa6ihde - N62hbdDaSihce - SihabS2hdeDcN - N62habDc6ihde 



+2N52hbdDedlhac - N52hbcDe5ihad 



{1^2)). (2.19) 



For the Ansatz (2.16) and (2.17), equations (2.18) and (2.19) are general expressions for the radial 
and the tangential components of the symplectic current . In arriving at these expressions no 
reference to any boundary conditions has been made. Although these equations look somewhat 
clumsy, from the computational point of view these are the easiest expressions to work with. 

The integral of the Hodge dual of the symplectic current vector over a Cauchy slice S defines 
the symplectic structure. One must choose boundary conditions to ensure that the symplectic 
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structure is finite and conserved. When 5ig and 620 satisfy linearized equations of motion, it follows 
from a standard argument that V^w^ = 0, where is the covariant derivative compatible with 
the bulk metric g. Therefore, the two requirements — finiteness and conservation of the symplectic 
structure — reduce to respectively 

If If 

Mw^ < 00 and / ★4^'' = 0. (2.20) 



IGttG 16vrGjSi2 
Here, *4 denotes the four-dimensional Hodge star, and surface S12 is defined as follows. Let Si and 
S2 be two Cauchy surfaces ending at spatial infinity. These surfaces enclose a spacetime volume 
bounded by Si and S2 and a portion of the boundary. S12 denotes that portion of the boundary. 
With our notion of asymptotic flatness these requirements are translated into, respectively, 

— lim / J —gw^ dpdOdcj) < 00 and — lim / W—gw^dTd9d(l) = 0, (2.21) 

where we have taken Cauchy surfaces Si^2 to asymptote to constant r surfaces in the hyperboloid. 
Ashtekar, Bombelli, and Reula showed that with the boundary conditions 

hi, = -2ahl„ (2.22) 
5hl, = -26ahl,, (2.23) 
cj{t,9,<P) = a{-T,7r- 6,(1) + Tr), (2.24) 

both the above requirements are satisfied. In particular, for the integral 

lim [ ./^w^dpd9d(t>= lim [ ^/^- {6iaV^62a - 62aV^6ia) dpdOdcp, (2.25) 
IGvrG p->oo Jj, AttG p^oo p 

one find that the potentially divergent term on the right hand side vanishes upon using boundary 
condition (2.24). In the boundary conditions (2.22)-(2.24) the choice w = has been made. Since 
a particular choice has been made, supertranslations do not act on the phase space. 

2.2.2 Supertranslated Boundary Conditions 

The boundary conditions we work with in this paper are as follows 







+ 2^^, 


Kb 






a{T,9,4>) 


= (t(-t, vr - 6',(/> + vr' 





(2.26) 
(2.27) 
(2.28) 



In the boundary conditions (2.26)-(2.28) the choice uj ^ has been made. Once again since a 
particular choice for lo has been made, supertranslations do not act on the phase space. Nothing 
changes in the calculation of the symplectic structure when working with these boundary condi- 
tions. The symplectic structure is still finite and conserved as is the case with the ABR boundary 
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conditions. It is best to regard uj as the fixed background structure. We refer to boundary 
conditions (2.26)-(2.28) as tlie supertranslated ABR boundary conditions. 

At this point we wish to point out that such a generalization should be possible was already 
speculated in the work of Mann and Marolf [15], though the precise boundary conditions (2.26)- 
(2.28) were not stated. 

3 Asymptotic Expansions 

Having specified our boundary conditions we now wish to study the consequences on the asymp- 
totic equations of motion and on the construction of the boundary stress tensor at the next-to- 
next-to leading order. It is necessary to work at this order to get a handle over the construction 
of Lorentz charges. We will concentrate mostly on the physics, and will not go into much calcu- 
lational details. Since we carry out asymptotic expansions at second order for arbitrary uj, the 
manipulations involved are in fact quite intricate and tedious. 

3.1 Second Order Equations of Motion 

The radial 3+1 split of the bulk Einstein equations give the following equations for the Ansatz 



(2.16) [21] 



>p-l^ab 



NKabK"^ + D^N = 0, 



(3.1) 



DbK\-DaK = 0, 
TZab-N-^dpKab-N-^DaDbN -KKab + 2Ka''Ka = 0. 



(3.2) 
(3.3) 



Here Kab denotes the extrinsic curvature of the constant p hypersurface. We carry out the ex- 
pansion of these equations systematically in appendix A. The final outcome of this analysis is the 
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second order equations of motion. These equations take the form 

= I2a^ + fjacr" + 3a;^ + 2ojUuj + WafeC^"'' - 9uja - aUuj + fiaw" + aaUoj" 

+2aabu''\ (3.4) 

V^hl^ = IQaaa + 2aab(J^ + 2uJUJa + 2ujDuJa + 2uj^UJab + UJabDuj'' + UJabcUj'"' 

-aUJa - 3w(Ta + O-aDw - aUuJa + 3(Tafew'' - WabO"* + CTabDw'' + CT^OuJab 

+2aabcOj'"' + 2ujabc'y^^, (3.5) 
(□ - 2)hl^, = Qicjccj" - 3ct2)/i0^ + ScTafTb + Uaaab + 2aac(r% + 2aabco'' 

^-2{uJV^UJ — + LOc'-'j'^^^ab ~ ^WWab + 2uJab^<^ + SwDWab 

+4a;afecw'' - 2a; 

+ (14a;o- - - AacUj" + 2a''nuJc + 4:acd(^'"^)hab + '^Tcruj^b - ojGab 

-fJafeDa; - aUuJab + ^aabc^^" - ^CF^UJabc + CTabcOuj'' + a^UuJabc 

+2aabcd^''^ + 2uJabcd(^^'^ + 2a^^a^bf + '^(^ciaOuJhf + Au (a^^UJ^yd- (3-6) 

In writing these equations we use the following compact notation, 

^abcd = VdVcVbVaUJ, (3.7) 
DUabc = iV^Ve)uJabc = V^VeVcVbVaUJ, (3.8) 

etc. and similarly for a. In the special case when (□ + 3)a; = these equations can also be 
extracted from [34]. 

3.2 Integrability Conditions 

The second order equations of motion (3.4)-(3.6) are in fact quite complicated. It might seem 
difficult to rewrite these equations in a form that can be used to perform an integrability analysis 
following Beig [21]. Remarkably enough, this is not the case. These equations have a somewhat 
magical structure: all the (cr, to) terms and all (w, a;) terms on the right hand side of equation (3.6) 
can be repackaged as (□ — 2) acting of the following tensor 

Xab = -CrUJab - Ujaab - '^h^abGUJ + 2/l°fe(Tca;'' + CTabcW" + WafecO-" + 2fJc(at^fe)'' 

+2ujUJab + '■^a'-^bc + (3-9) 

As a result (3.6) can be written as 

(□ - 2\hlb - Xab) = GidcfT" - 3<t2)/i0j + 8aa(Jb + Uaaab + 2aac(T% + ^aabcfr". 
The usefulness of the tensor Xab goes well beyond that. Equation (3.4) can be rewritten as 

h'^-X= 12^2 + (3.10) 
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and similarly the divergence equation (3.5) is rewritten as 

T>\hl^, - Xab) = IQcJOa + 2aabcy\ (3.11) 

Written in this form the second order equations are much more manageable. Now, following the 
discussion in [22] we define a tensor Vab as 

Vah = -hlf, + Xab + 6cr^/l°,, + 2cJabCJ - 2cJaCJfe + CT^achl^. (3.12) 

In terms of Vab the equations of motion take the form 

C = 0, 
'D^'Vab = 0, 
(□-2)Kfe = curl [Kd{a<^%], 

where as in (2.11) curl of a tensor Tat is defined as 

cuilTab = ea'^VcTdb- (3.16) 

For further properties of the curl operator and of the tensor structure ecd(a'^'^'7fc) we refer the 
reader to [22]. 

Since Vab is symmetric, traceless, and divergence free, discussion of the integrability conditions 
of [22] applies as is. We find that despite the fact that we have an arbitrary function uj in our 
asymptotic expansion the integrability conditions do not change. The integrability conditions 
require Lorentz charges constructed using 

curl [Ae^aia^'a^)] (3-17) 

to be zero. In this paper, we have chosen the mass aspect cr to be a symmetric function on the 
hyperboloid. As a result, the integrability conditions are automatically satisfied [17, 22]. The 
outcome of this is that the tensor Vab can be readily used to construct well defined and conversed 
Lorentz charges^. 

^One comment regarding tensor Xab is in order here: the form of Xab (3.9) can also be worked out by calculating 
the non-linear action of supertranslation lu on h^i, starting with the ABR boundary conditions, in particular using 
equation (2.22). This calculation in a somewhat different context was first performed in an unpublished work in 
collaboration with Geoffrey Compere and Francois Dehouck. For the special case when T>°'kab = fc" = 0, i.e., 
(□ + 3)a; = 0, such an expression can also be extracted from [34]. 1 thank Geoffrey Compere and Francois Dehouck 
for their permission to use material from this joint unpublished work. 



(3.13) 
(3.14) 
(3.15) 
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3.3 Expansion of Counterterm 

Having analysed the second order equations of motion and the integrabihty conditions, we now 
turn to the expansion of the Mann-Marolf counterterm. Recall that the counterterm K is defined 
implicitly via the Gauss-Codacci like equation (2.4). It is convenient to introduce Pab = ^^ab- 
Expanding pat as 

Pab = hlf, + -pli, + ^plf, + o(^), (3.18) 

we can invert the relation (2.4) and express p^i,,Pai) in terms of the expansion of the Ricci tensor 
on the hyperboloid. This computation was first done in [16] for the ABR boundary conditions. 
We refer the reader to the appendix B of [16] for details. By a direct calculation we find upon 
using equations of motion obtained above 

Plb = (^ab - + UJab + h^^UJ . (3.19) 

A similar calculation for p^^ gives 

fab = - ^^CT^ + aca" + ^a'"^acd^ /i^^ + 2aaab + aaab + CFa^'cTcb - hPab'^'^ 

-2uJUJab - UJa^UJcb + ^SfTtJ + ^aUuJ - a^UJc + ^CTcdUj"'^^ h^ab + ^^ab 

+aab^^ - ^abcfy" - 2ac{^a^bf- (3-20) 
The traces of p\^ and simplify to 

pi ._ /jOab^i^ ^ + Uoj + 3a;, (3.21) 

p2 ,= /,0a6^2^^^^2^ l^^^^cd_3^^^ 1^Q^^3^^^^,, ^^ ^2) 

These equations are important for the considerations of the next section. 



4 Supertranslations and Boundary Stress Tensor 

In this section we study the on-shell value of the action and its first variations. We also compute 
the next to leading order expression for the boundary stress tensor. We follow the corresponding 
discussion in [15, 17, 31]. The new element in the following discussion is our boundary conditions 
(2.26)-(2.28). 

4.1 First Variations 

Let us consider the first variations of the Mann-Marolf action over configurations satisfying our 
boundary conditions (2.26)-(2.28) and evaluate it on-shell. This set-up was already considered in 
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[15] so we shall be brief. The first variation of the Mann-Marolf action is [15, 17, 31] 

(16^G)55total = / V^d^x{7T''''-7T^' + A^')6Kb, (4.1) 
JdM 



where tt'^^ = Kh'''' - K^'K tt"^ = Kh''^ - K""^ and A„h is 



^ab _ ^ab ^ ^afe) ^ _ (^ab ^ ^^OaM ^ ^ / ^ j ^ (4 4) 



dM 

) 1 A 

ab 

^ab ^ ^ab _ 2L^d(^-^^^-^ab _ j^a^b^^ ^ lab ^ ^abj^^j^^lcd _ 2D ^D^'' V>^<^ , (4.2) 

with Lab""^ and Z"^ given by [15, 17, 37] 

Lab'^ = h^'^kab + 5lX)K - 6m - 6lkly L-" := h'^L-Xj^K (4.3) 

Using asymptotic expansions of the previous section it follows that 

1 +o(-V 

Now, using our boundary condition (2.27) we see that in the p — )• oo limit 

(167rG)(^5totai = / ^/^d?x (a'^" + /i^^V) (-25ct/i°,) . (4.5) 

JdS-i ^ ' 

The equation of motion for a now immediately tells us that the first variation of the action vanishes 
identically 

<55total = 0. (4.6) 
Thus, action (2.3) provides a good variational principle for our notion of asymptotic flatness^. 

4.2 On-shell Action 

We now calculate the on-shell value of the action. Given our results above, this calculation is 
rather straightforward. Since our spacetimes are Ricci flat the bulk term in (2.3) vanishes on- 
shell. Therefore, 

^on-shell = ^ / S'X^(K - k). (4.10) 



Alternatively, using Shab ~ pSh^i, + . . . = —2p5ah^^, + 2pVa'Db3uj + 2pSojh^f, + . . . and ^/—h = p \/—h'^ + ... it 
follows that in the p — > oo limit 

(167rG)5Stotai = / y^d'x (a"'' + h° "V) {-2Sah'it + 2VaVb5uj + 25^^) . (4.7) 

JdS3 ^ ' 

Using the equation of motion for a, this equation further simplifies to 

(167rG)55totai = / V^'d\ (a"'' + h° "V) (2VaVb5ij) . (4.8) 

JdS3 ^ ' 

Performing integration by parts and using equation of motion for a one more time, we see that the first variation 
of the action vanishes identically 

<5Stotai = 0. (4.9) 
In particular, supertranslations need not be fixed! Asymptotically flat metrics related to each other via arbitrary 
supertranslations can be consistently considered in the Mann-Marolf variational principle. See also [34]. However, 
this is not the boundary conditions we use in this paper for reasons emphasized in the introduction section. 
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Now, using expansions of Kab and Kab obtained above (section 3.3 and Appendix A respectively) 
we have 



All divergent terms have cancelled. The on-shell is finite. Doing integrations by parts and using 
equations of motion for a, we observe that the on-shell action vanishes 



In particular, the on-shell value does not depend on the supertranslation frame oj. An interpre- 
tation of this result is as follows [31]. We showed above that 6S = on all variations satisfying 
our boundary conditions. It follows that 5on-sholl niust be constant as we move along any smooth 
path in our phase space. Furthermore, we expect all configurations to be smoothly connected 
to Minkowski space. For Minkowski space Son-shcii is identically zero. Therefore, it follows that 
S'on-sheii is identically zero on any asymptotically flat solution satisfying our boundary condition. 
For more comments on this point see [31] and also footnote 2. 

4.3 Boundary Stress Tensor 

From the first variation of the action, the boundary stress tensor can also be computed. It admits 
an expansion in the inverse powers of p. The leading order and the next to leading order terms 
in the expansion are relevant for the construction of translations and Lorentz charges respectively 
[15, 16]. After a long and tedious computation we find these expressions to be 




,ab 



(4.11) 



'on-shoU — 0. 



(4.12) 




(4.13) 



where 



Tab = f^ab + Kb<^ 



(4.14) 
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and 



rp2 



49 



cd 



+ 



cd 3 „cde 



1 3 

+'i^c{aP^b)'' - ^^afoDDw - -UJabcd^""^ + -j^^acd^b'^ + 



cde 



hab + ^^ab + '^CFab 



7 9 3 11 

+ T0'a6nw - -aUiOab - -^CTabc^'^ ^T^abcCr'^ - ^a^^a^'^b) + ^Ouj'^aabc - ^Cr'^ {a^^^b)c 



4 

3 — 3 3 



2 

cd 



17 ^ 11 , 

4w(T H aiAuj GcUJ 

4 2 



9 ^ 9 13 3 „^ 3 

+-a''UoJc + -aUUuj + —acd^"" + -Ocd^oj + -a^de^ 



cde 



'T'ab- 



(4.15) 



Equation (4.15) is one of the main result of this paper. Certain calculational details on how we 
obtained this expression can be found in appendix B. 



5 Properties of Boundary Stress Tensor 

In this section we explore properties of our boundary stress tensor (4.13)-(4.15). 

5.1 Boundary Stress Tensor is Conserved a la Brown- York 

The above stress tensor can be shown to be conserved 

D'T^h = 0. (5.1) 

However, care must be exercised in interpreting this result. The derivative I?" in (5.1) is the 
torsion- free covariant derivative compatible with the full metric on the hyperboloid hab- When 
expanded in powers of p this equation reads at leading order 

V'Tl, = 0, (5.2) 

and at the next to leading order 
V^Tl^, - aaa - aaba'' - 2aU0a - 2aUuJa - 2Gab<J' - 2uJab(J^ - (Tabaco'' - 2aabc^''' - UJabcCT^'' = 0. (5.3) 

An important question to ask at this point is whether or not the above expression can be written 
as a total derivative of a symmetric tensor Tab- For uj independent terms this is indeed the case 
[16] 

fab = Tl-aTl,. (5.4) 
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When oj dependent terms are included, with our prehminary investigations we were unable to 
write (5.3) as a total derivative of a symmetric tensor. This is not necessarily an obstacle for the 
construction of conserved charges. We already know from our study of the integrability conditions 
of the second order equations of motion that a conserved tensor constructed using /i^^ — namely 
Vab — exist and can be used to construct conserved Lorentz charges. We expect such a tensor to 
play an important role in the covariant phase space construction of charges. Given the analysis 
of [34] and our considerations of the covariant phase space above, it is fairly clear that such a 
construction goes through without surprises. It can be interesting to fill in all details. We will not 
pursue this direction here. On the other hand, construction of conserved Lorentz charges using 
the boundary stress tensor approach is more interesting and perhaps more difficult; we explore 
certain aspect of this in the rest of the paper. 

Reference [15] presented a general construction of boundary stress tensor charges starting with 
equation (5.1). There an expression for conserved charge for an asymptotic Killing vector is 
given in terms of the variation of the renormalized action 

Q[i] = -A/,55,enorm = " lim ^ / V^T^'^ A f^^^habct" X , (5.5) 

where 

^f,^hab = {£f(,g)ah - fi£^g)ab, (5.6) 

and where / is smooth function that take the value / = at the past boundary of dMp and the 
value / = 1 at the future boundary. The right hand side of (5.6) denotes quantities evaluated in the 
bulk A4p and then pulled back to the boundary dMp. Using general arguments it has been shown 
in [38] that this charge is also the generator of the asymptotic symmetry Upon performing 
integrations by parts, equation (5.5) can be converted into an integral over a co-dimension two 
surface Cp — a cut in boundary dAip 

Q[i\ = hm / .Ph^JabCpnyx. (5.7) 

At this stage the above expression for conserved charges is somewhat formal. All quantities 
that enter into this expression admit expansions in inverse powers of p. For analysing Lorentz 
charges second order expansion of various quantities is required, which makes the analysis quite 
intricate. Nevertheless, we expect that our boundary stress tensor can be used to construct 
conserved charges. The precise details as to how this construction proceeds is not investigated at 
this stage. We will return to this problem elsewhere in the future. 

It is worthwhile to point out that for the case w = the corresponding construction was 
carried out in [16], where divergence free nature of tensor Tab (5-4) was also observed. Although it 
is fairly non-trivial to carry out explicit construction of conserved charges for u ^ in all detail, it 
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is rather straightforward to study transformation properties of Lorentz charges under translations 
from (5.7). We present this study in section 5.3. For now let us explore some further properties 
of our stress tensor. 

5.2 Special Cases 

In this subsection we look at various special cases where our stress tensor simplifies. In all cases 
it satisfies expected properties. This study allows us to probe the structure of our stress tensor. 

5.2.1 u} = 

When we choose u = the boundary stress reduces to a previously computed expression [17] 



where 



Ti, = + hlb(^, (5.9) 



and 



^cd 3 _cde 



hi,. (5.10) 
Properties of this expression are already well studied in the literature [17, 22]. 

5.2.2 OJab + /lafeW = 

When ujab + h^^uj = 0, i.e., when a; is a translation, kab (2-13) vanishes identically. In this case the 
asymptotic metric expansion also reduces to the previously studied case of [16, 17, 22]. Therefore, 
we expect again the boundary stress tensor to reduce to (5.10). It can be verified by a direct 
calculation that this is indeed the case. Remarkable cancellations happen when bj^b + ^Ih^ = is 
substituted in (4.15). All oj dependent terms reduce to zero, giving us (5.10) as the final expression. 
This provides a highly non-trivial test on our computations. 



5.2.3 CT = 

Another non-trivial case is when the mass aspect is set to zero. In this case all conserved charges 
corresponding to translations vanish identically. Perhaps Minkowski space is the only solution 
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with this property. In this section we wish to understand properties of the Lorentz charges when 
a = 0. When a is set to zero, /i^^ is solved from equations (3.4)-(3.6) to'^ read 

hlb = "^^^ab + ^a^^bc + hab^^- (5.11) 

Below we substitute this expression of /i^^ in the stress tensor. The resulting stress tensor is 
the stress tensor of Minkowski space in a general supertranslation gauge. The fact that the 
following calculation is non-trivial and has a non-zero answer is somewhat analogous to holographic 
conformal anomaly. 

To analyse the structure of the simplified stress tensor, we first need to recall a few useful 
results concerning symmetric divergence free tensors from [17, 21, 26]. A tensor 9ab is said to 
admit a scalar potential a if 

9ab[a] = VaVba - h^^V^a - lah^,. (5.12) 

The tensor 0a6[a] is conserved, i.e., V^Oabia] = 0. Moreover, if is a Killing vector of h^^ then 
the current 6ab[oi\^^ can be expressed as the divergence of an anti-symmetric tensor 

Oabiaie = V (2C[,P,]a + aV[,Q . (5.13) 

As a result the currents of the form Oabioi]^^ do not contribute to the conserved charge associated 
with Similarly, a tensor tab is said to admit a symmetric, transverse tensor potential 7^6 with 
V'lab = if 

tab[lab]=V''^ab + 2KM^''' where Kcbd = hlbhld-hlbhld- (5-14) 

The tensor tafe[7afe] is conserved, and for ^'^ a Killing vector of h^^^ the current tafe[7afe]C^ is the 
divergence of an anti-symmetric tensor 

tabbab]^!' = 2V%eDlalb]c + 7c[a^6]^')- (5-15) 

Hence, currents of this form also do not contribute to the conserved charges. 

Our strategy is to write the simplified expression for the stress tensor after setting a = and 
h'^fj from (5.11) in terms of a scalar and a tensor potential. The simplified boundary stress tensor 
is ^ifeL=o = 0' and 

'^ab\„=0 = ^^ai^b - '^'UJ^ab + ^ab^'^ + ^^(a^i^b) + ^abc^^" " ^^^aci^b"" + ^UuJaUuJb 

1 13 

--□wDWaft - 2L0abc^^'' + ^UJcia^^bf " WafoDOw " -j^-^ abcd^'"'' + -j^^acd^b""^ (5.16) 


ab 



1 1111 

-ujcOj'^ - - luJcUuj'^ + -Uuj'^nijJc WcrfDo;'^'^ -|- -DwDDa; uj^de^^'^'^ 

2 2 2 2 2 



^with the most natural choice Vab = 0. A choice is necessary because the corresponding equations are hyperbohc. 
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Expression (5.16) can be rewritten as 



a=0 



26 



(2) 
ab 



,(4) 



1 



,(6) 



1 



, 1.(4) ,1-.. ,_z 
2 ab 2 4 4 ~'~ 4 (2)af) 



l(6) 



1.(6) 
4^(l)afe 



1.(6) 
S'^(2)a6' 



(5.17) 



where 



o(2) 

?(J)a. = [^°^] ' 



(6) 
(l)afe 



''ab — 

/,(4) 

'^(2)a6 

/,(6) 

'^(2)a6 

.(6) 

''(2)a6 



tab 



g(2) 



" (4) 
(2)ab ' 



(5.18) 



and finally 



5(4) 



The superscripts, e.g. as in t\y^ . , denote the maximum number of derivatives appearing in 



,(6) 



(5.19) 



"(1)06 



the corresponding expressions. The subscripts, e.g., (1) in are just labels. We immediately 

see that with the possible exception of s^^^ , terms in (5.17) cannot contribute to the conserved 
Lorentz charges. As far as we have explored, we find that the tensor s^^^ can possibly contribute 
to the Lorentz charges. However, this is not a problem. The contribution due to s^^^ is simply 
a c-number due to our boundary conditions; it only depends on the background structure lo and 
is completely independent of dynamical fields. Hence, it is a constant over our phase space. The 
presence of such a term is consistent with the general analysis of [38]. 



5.3 Transformation of Lorentz Charges under Translations 

Having analysed properties of the stress tensor in special cases in the previous subsection, now 
let us study the transformation of Lorentz charges under translations. The idea behind this 
computation is as follows. As mentioned in section 5.1 a general (perhaps somewhat formal) 
expression for Lorentz charges can be written as 



lim 



(5.20) 



The most important quantity in this expression is the boundary stress tensor Tab, which has expan- 
sion in powers of p. To investigate transformation property of Lorentz charges under translations, 
we need to look at how Tab changes under translations. On the unit hyperboloid, translations are 
represented by four functions satisfying 



VaVbx + K^x = 0. 



(5.21) 



Under translations by an amount X) the function a; changes as a; — )• a; + x- We wish to know 
how the expansion of the boundary stress tensor changes, i.e., we want to know the expansion of 
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A^Tab- Since we are considering a difference between two stress tensors for fixed value of a, many 
terms immediately cancel out. In particular, in A^Tat the leading term in the expansion starts 
at order p^^. Due to this fact, calculation of A-^(5[^] is a relatively straightforward exercise as 
opposed to Q[^]. We find 

^xTab = -^^(-3x/iafe-3XfTa6 + /iVcX' + fTafecX') +••• (5-22) 

= --V,[{aab + <jh^ab)x']+... . (5.23) 

p 

Substituting this expression in the definition of Lorentz charges to calculate the A^(5[^], we see 
that 

A^QiC] = lim / .Ph^^A^TabCpnyx (5.24) 

= - j^^^c'^c[{oab + <yhl,)x']en\^)<fx (5.25) 

= j^^cMElbX'']en\^^d^x. (5.26) 

Here C denotes a cut of unit hyperboloid, and an exact Killing vector of the unit hyperboloid, 
and n^Q^ the unit normal to the cut C. This last expression is precisely the expected transformation 
property of the Lorentz charges under translations [18, 21, 27]. Note that the fact that we obtain 
this result is highly non-trivial. In the expansion of A^Tab all terms linear in uj cancel out. Once 
again, these remarkable cancellations are highly non-trivial test of our computations. 



6 Conclusions and Future Directions 

Let us summarize what we have achieved in this paper. First and foremost, we have systematically 
studied the closest one can come to changing the boundary metric in the asymptotically flat 
context, while maintaining the group of asymptotic symmetries to be Poincare. The result of this 
analysis is that we can choose the supertranslation frame as we like. We studied consequences of 
making choices w ^ 0. We performed this analysis in the covariant phase space approach as well 
as in the holographic renormalization approach. We showed that the covariant phase space is well 
defined irrespective of how we choose to fix supertranslations. Furthermore, we showed that the 
on-shell action and the leading order boundary stress tensor are insensitive to the supertranslation 
frame. The most significant result of this paper is the construction of the boundary stress tensor at 
second order. We carried out this construction in detail, and studied its conservation properties. 
We also observed that although the next to leading order boundary stress tensor depends on the 
supertranslation frame, the dependence is of a very special type. It is such that the transformation 
of angular momentum under translations continues to hold as in special relativity. 
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Let us now comment on the motivation Ashtekar and Hansen [18] had for choosing oj = 0. 
There it was observed that when uj ^ 0, the second order magnetic part of the Weyl tensors 
fails to be conserved with respect to the derivative operator compatible with the unit hyperboloid 
metric. This is indeed an obstacle if one insists on using the second order magnetic part of the 
Weyl tensor to construct Lorentz charges. However, this obstacle is only an illusion: above we 
constructed a symmetric and divergence free tensor Vab using second order fields. Taking the curl 
of Vab one obtains a new symmetric and divergence free tensor Wab [22]. The tensor Wab is the 
natural quantity to use instead of the second order magnetic part of the Weyl tensor to construct 
Lorentz charges following Ashtekar-Hansen when w 7^ 0. 

A natural extension of our work is to calculate the conserved Lorentz charges (5.5) using our 
boundary stress tensor with our supertranslated boundary conditions. Given the general analysis 
of [15, 30, 38], we expect such a construction to go thorough, however, the precise details as to 
how it proceeds are not investigated at this stage. The reason this computation is non-trivial is 
because the expression (5.7) is somewhat formal. All quantities that enter into this expression 
admit expansions in powers of p. This makes the analysis of Lorentz charges from holographic 
point of view significantly complicated. We will return to this problem elsewhere. In this regard, 
the precise significance of equation (5.3) is also not clear at this stage. 

Although boundary stress tensor methods are most well studied for asymptotically AdS and 
related settings, the success of these and related methods in other contexts [33, 39, 40, 41, 42, 
43, 44] motivates further study in the asymptotically flat context. Our work here attempted to 
fill in this divide further by extending our previous work [16, 17, 22, 31]. We also highlighted 
certain similarities and differences with the asymptotically AdS setting. Further exploration in 
this direction should provide additional insights into the still elusive nature of holography for flat 
space [32, 35, 45, 46, 47, 48, 49, 50]. 
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A Asymptotic Equations of Motion 

The four dimensional metric is 



ds^ = 1^1 + ^ j dp^ + habdx^dx\ (A.l) 
where the boundary metric hab admits an expansion in the inverse powers of p as 

hab = P^hlb + phlb + hlb + ... . (A.2) 

The leading order metric h^^ is the unit metric on three-dimensional de-Sitter space. For the 
considerations of the present paper h^^^ is taken to be of the specific form 

hi,, = -2ahl, + 2uab + 2u;/i°fe, (A.3) 

where 

Uab = VaVbU. (A.4) 

Asymptotic spi-supertranslation Killing vector is related to u as 

= + O(p-i), C = -u'^ix) + (A.5) 

P 

where x denotes collectively the coordinates on the three dimensional de Sitter space, and ui is an 
arbitrary smooth function of these coordinates. 

To obtain the asymptotic equations of motion we perform the radial 3+1 split. The extrinsic 
curvature of the constant p hypersurfaces can be readily calculated. It admits an expansion in 
inverse powers of /> as, 

Kab = -^dphab (A.6) 

= Phlb - 2<^^a6 + ^ab + + -(2a2/i0, - aujab - fTa;/iO,) + . . . . (A.7) 

P 

We are now in position to proceed with a study of asymptotic equations of motion. We first look 
at the Hamiltonian 'constraint.' 

Hamiltonian Constraint 

In a simplified form the Hamiltonian constraint reads [9, 21] 

h^^'dpKab - NKabK^' + D^N = 0, (A.8) 

where D denotes the unique torsion-free covariant derivative compatible with the full boundary 
metric hab and is the lapse function 

Ar = l + -. (A.9) 
P 
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Expansion of (A. 8) at the zeroth and first order gives the equation of motion for the mass aspect 

(□ + 3)o- = 0, (A.IO) 

and at the second order gives the equation for the trace of the second order metric 

/i^ = 12cj2 + aaa" + 3a;2 + 2u}Uuj + UabOj"^ - '^oja - aUuj + aaU}"" + aoUoj" + 2o■a^,a;"^ (A.ll) 

In writing these equations we use the following compact notation, 

Wabcd = VdVcVbVaUJ, (A. 12) 

DUabc = {V'V^)uJabc = 'D^'DeVcVhVaU, (A.13) 

and similarly for a. In the following we will use equations (A.IO) and (A.ll) to simplify the 
resulting expressions. 

Diffeomorphism Constraints 

In a simplified form the diffeomorphism constraints read [9, 21] 

DhK\ - DaK = 0. (A.14) 

Expansion of this equation at the zeroth and the first orders give no further non-trivial equation. 
At the second order it gives the equation for the divergence of the second order metric 

V^hlb = IQaUa + 2aab<y^ + 2uJUJa + li^UuJa + liJ'u^ab + ^ab^^^ + ^abc^^" 

-aUJa - SujCFa + CTaOuj - aDUa + SUabi^'' - i^ab(^^ + CTab'^'^^ + CT^'^UJab 
+2aafeew'" + 2uJabc'y^''. (A.15) 

In the following we will also use this equation in the resulting expressions. 
Equations of Motion 

In a simplified form the equations of motion for the boundary metric hab take the form [9, 21] 

Fab ■■= TZab - N'^dpKab " N-^DaD^N - KKab + 2Ka''K,b = 0. (A.16) 
These equations can be expanded to give 

Kb = Kb, (A.17) 

nib = c7ab- Sahib + 3cJab-hlbaoj, (A.18) 
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- (era; + aUuj + <Tca;'^)/i°fe + 2au:ab - cr^Uabc- (A. 19) 

In expressions (A. 18) and (A. 19) the left hand side denote the expansion of the boundary Ricci 
tensor: 

TZab = Kb + p-'Kb + p-'Kb + ■■■ ■ (A.20) 
In order to obtain the asymptotic equations of motion in the most useful form we now express 
TZ^f^ and 7^^^ as appropriate derivative operators acting on the metric components. The explicit 
forms for 7^^^ is 

= VJ)^X)'-\DaV,h^-\uhl,, (A.21) 

and similarly for 7^^^ is 

- ip^/ji) V^Xy (A.22) 
These expressions can be expanded to give respectively, 

nl^^ = aab + hl^P(j + 2,ujab-hltPuj, (A.23) 

-QuUab - 2Uah^(^ + {2unuj - Lo'^UUc + 2uj cdio'"^)h^ab + ^abc^"" - UJabc^^"" + ^acd^b"'^ 

+6aujab - 2ujaab - 2aabOuj - {2an\uj + 2ujUa + 2acOj'' + a^Uuc + 2acd^'"^)hab 

-OJabcfy"" + ^C7(^a''^b)c- (A. 24) 

Equating (A. 18) and (A.21) gives the equations of motion for the first order metric components. 
We obtain again ncr + So" = 0. In particular, upon equating (A. 18) and (A. 22) we do not obtain any 
new non-trivial equation. At the second order we do obtain a non-trivial equation — the equation 
of motion for h'^^. After a significant amount of algebra it reads 

(□ - 2)hl^ = 6(cJca= - 3fT2)/lO^ + SUaOb + UaUab + 2(Tac(T^b + 2f7abcfT^ 
+2{uj\JiOJ — UJ^ + UJcOJ^)h^^i^ — -iuJUJab + 2oJab^^ + 2ljj\JiUlab 



+4uJabc^^'' - 2uJcb(^''a + 2uJa'"^UJbcd + 2uJc{a0^b)^ 



+{l'iuja - iaUuj - AacOj" + 2a''Uujc + 4:acdOJ + UauJab - oJCTab 

-aabOuj - aUuJab + ^aabcOj" - ^a'^LJabc + CTabcOuj" + a'^lJuJabc 

+'^Crabcd^'"^ + '^^abcd'^'"^ + "^CTcia^bf + '^(^cia^^bf + ^(^{a'"^^b)cd- (A. 25) 
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In writing all second order equations above we have carefully separated (a, a), (to, to), and (cr, cu) 
terms. 



B Certain Details on the Boundary Stress Tensor Computation 

This appendix contains certain details on the boundary stress tensor computation. We make use 
of the asymptotic equations of motion as needed. The calculation is organized as in appendix B 
of [17]. We begin by calculating the expansion of the tensor L""^. It is defined as 



lab ^ h'^d(^L-%f 



(B.l) 



where 



and 



(B.2) 



After a straightforward, but tedious, computation we find the expansion of L"^ in the inverse 
powers of p to be as follows. 



L' 



ah 



4p 



1 aft ^ f^Oab^ _ ^ab + _ ^)/,Oab 

2 4^ ' 



99 



1 



I ""i,0ab2 hOab„ c , „ach - i,uao„ ca , „a n , " 

+—n a — -n OcCr + -cr a^ — —n acdO^ + a a + -aa 
4 2 lb 



16 



Oab„ ^cd I „a h , „„ab 
— r 

2 



2^2 2 2 



,ab. 



3 x2 ^ , . , .cd 



uj — wDw + -(Dci;) — -ijjcd'^'^ 



•Oab 



-8auj 



ab 



10 1 

, ,^<^b I I — \, ,^ab (a, ,b)c , ,abc ^ , 



29 

-26J(T H (TDw 



1 f. 1 I — , r f3 rri 

4 4 o 



(B.4) 



Given this expression and the expansion of K^b^ it is straightforward to compute the expansion of 
the holographic stress tensor T^h 

1 



tab 



SvrG 



where 



TTab = i^/iab - Kab and 7r„/, = Khah - K, 



ab — J^ii'ab — J^ab, 



(B.5) 



(B.6) 



and where Aab is 



Aa6 = Kab - 2L'\K,dKab " KacK^b) + D'Lab + habD^DdL'" - 20^0^,1,) 



cd 



(B.7) 
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A straightforward computation gives 

1 



P 

,0 , ,2 



-a + accr + -dcrfcr ) 



+0'acO'^b - Kb^'' ~ '^^^ab - i^ac^^b + '^'^ab + (^(^ab + ^afeDw - la^^a^'^b) 

+ ... . (B.^ 



-ujabccr^ + (4crw + 2aDuj - OcOj" + acd^'"^)^a 
Similarly, 

Kab — '^L'^'^iKcdKab — KacKdb) '- 



1 1 
t: (3o-ab + 3o-/i°fc - 2>ujab + nw/i^fc) + - 

2 P 



21 

Y 



21 



17 

T 



2 

+ ... . 



(B.9) 



A calculation of the derivative terms requires more work. We find 



D^Lab + habD.DdL'"^ - 2DdD^aLb)'^ 



3 3 3 1 if 

-2^ab - ^crh^i, + -UJab - ^h^b^uj +-{ - 30"aCTfe 



^2l0 ^ r 1.0 c A c ^ cd L ^ cd ^ cd 

+ ^(^ f^ab + ^CrO-a6 + ^'T'ab'^ c + ^CF abc<^ " -^(^ cd(^ ^ab " -^<^ abcd<y + -^(^acd(^b 



riabf^cdeCr + 



cde 



1 1 



K.b + ^^a^^b + 3wa6nw + a;(„na;;,) + a;„fcc'^'' - ^^ac^^b" 



1. 



1. 



1 



-'^abcd^ 



cd 



3 cdri ^ '^^l ^1 ^ Co C 

3 3 3 

+ 12fTc(aa;fc)'' +3nWcO-afe'' - 3iTc(ana;{,)'' + -O-a^jDDa; + -aabcd^'' + ^^abcd^^" 



-2'^(a ^b)cd + llab 



25 



11 



Aa'^DuJc -ctDo; crM^ + -crDDu; r(^cd^ 

2 4 2 4 4 



+ -acdOu;'"^ + 2^cdeW 



cde 



+ ... 



(B.IO) 



Putting all this together we obtain a final expression for the boundary stress tensor to the relevant 
order. Such an expression is presented in the main text (4.15). 
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